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Abstract
In this note we prove that (a) a Zσ -bijection of a σ -compact space onto a Tychonoff space is a
first-level Baire isomorphism and (b) there exists an absolute Baire space of class α (α > 2) which
cannot be condensed onto any absolute Baire space of class β < α. Ó 2000 Elsevier Science B.V. All
rights reserved.
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A set A of a topological space X is called a Baire set if A belongs to the least σ -algebra
of subsets ofX which contains all zero-sets. IfX is a metrizable space, then the σ -algebras
of Baire and Borel subsets of X coincide. A mapping f :X→ Y is called a Baire (Zσ−)
mapping if inverse image of zero-set in Y is a Baire set (a countable union of zero-sets)
in X. A Tychonoff space X is called an absolute Baire space if X is a Baire subset of βX.
A condensation is a continuous one-to-one mapping.
We prove (Theorem 1) an analog of the know result that a condensation of a compact
space onto Hausdorff space is an homeomorphism. Recall [1] that every absolute Borel
separable metric space can be condensed onto σ -compact metric space. We show
(Theorem 2) that the conclusion become false when separable metric spaces are replaced
with arbitrary Tychonoff spaces.
We use N to denote the set of natural numbers 1,2,3, . . . with the discrete topology.
We identify NN with the space P of irrational numbers. If p = {p1,p2,p3, . . .} ∈ P and
n ∈N we use p|n to denote the finite sequence {p1,p2, . . . , pn}. We recall that a spectrum
{Xα, piαβ , U} is a sigma-spectrum [2] if w(Xα)6 ℵ0, α ∈U , U is ℵ0-complete, i.e., every
I Partially supported by RFBR grant 96-01-00489.
E-mail address: pyt@imm.uran.ru (E.G. Pytkeev).
0166-8641/00/$ – see front matter Ó 2000 Elsevier Science B.V. All rights reserved.
PII: S0166-8641(99)0 01 00 -5
124 E.G. Pytkeev / Topology and its Applications 107 (2000) 123–130
countable chain B ⊂ U has a least upper bound γ , and Xγ is naturally homeomorphic to
lim{Xα, piαβ , B}.
Theorem 1. Let f be an Zσ -bijection map of a σ -compact space X onto a Tychonoff
space Y . Then f−1 is also an Zσ -map, i.e., f is a first-level Baire isomorphism.
Proof. Let us prove that f−1 is the Baire map. First of all we show that it is enough to
prove the theorem for the case where X is a compact space.
Claim 1 [3]. Let A be a Lindelöf subspace of a normal space Z. Then for every Baire
set T in A there exists a Baire set T ∗ in Z such that T ∗ ∩A= T .
This easily it follows
Claim 2. Let Z be a regular space and Z = ⋃∞n=1An, where An ⊂ An+1 and An is
Lindelöf for every n ∈ N. If a set B ⊂ A has the property B ∩ An is a Baire set in An
for every n ∈N then B is the Baire set in Z.
In fact, by virtue of Claim 1, there exists a Baire set Bn in Z such that Bn∩An = B ∩An
for every n ∈N. As is easy to check that the set B =⋃∞k=1⋂∞n=k Bn is as desired.
Claim 3 [4]. Let f be a Zσ -map a K-analytic space X onto a Tychonoff space Y . Then
f (F ) is Lindelöf for every closed set F in X.
Now assume that we have proved a particular case of the theorem, namely: the map f−1
is Baire if X is compact. Let X be a σ -compact space. Then X =⋃∞n=1Kn, where Kn is
compact and Kn ⊂Kn+1 for every n ∈N. Put fn = f |Kn :Kn→ f (Kn) for every n ∈ N.
By Claim 3, fn(Kn) is Lindelöf for every n ∈ N. According to the assumption f−1n is a
Baire map for every n ∈ N. Let T be a Baire set in X. Then T ∩Kn is a Baire set in Kn,
hence, f (T ∩ Kn) = fn(T ∩ Kn) is a Baire set in f (Kn) for every n ∈ N. By Claim 2,
f (T ) is a Baire set in Y .
Thus, we shall further assume that X is compact.
Claim 4. Let X be a Tychonoff space, X =A1 ∪A2, A1 ∩A2 = ∅. If every Baire set T in
Ai is Lindelof, i = 1,2, and A1 is not a Baire set in X then there exist a closed set F in X
such that for every open non-empty set V in F the set V ∩A1 is not Baire in V .
Proof. Let us begin with the simple observation that every Baire subspace ofX is Lindelöf.
Using transfinite induction, we define a transfinite sequence {Fα} of closed subsets of X.
Put F0 =X. Let α > 0 and suppose that for every β < α we have defined the sets Fβ . Put
Fα =⋂{Fβ : β < α} if α is a limit ordinal. If α = α+ 1 we put
Fα = Fα \
⋃{
V : V is an open set in Fα and V ∩A1 is a Baire set in V
}
.
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Let α0 = min{α: Fα = Fα+1}. If Fα0 6= ∅ then Fα0 is as required. Assume the contrary.
Let α(Φ) = min{α: Φ ∩ Fα = ∅} for every closed set Φ . Denote by F the family of
all closed sets Φ such that Φ ∩ A1 is not a Baire set in Φ . Then F 6= ∅ (X ∈ F). Put
α˜ = min{α(Φ): Φ ∈ F} and take Φ˜ ∈ F such that α(Φ˜) = α˜. Suppose that α˜ be a limit
ordinal. Then for every x ∈ Φ˜ there exists α < α˜ with x /∈ Fα . Therefore, there exists a
neighborhood O(x) of x in Φ˜ such that O(x) ∩ Fα = ∅. Then α(O(x))6 α < α˜ and by
the definition of α˜, O(x) /∈ F . Therefore, O(x) ∩ A1 is a Baire set in O(x). This means
thatA1∩ Φ˜ is a locally Baire set in Φ˜ . Since Φ˜ is Lindelöf, thenA1∩ Φ˜ is a Baire set in Φ˜ ,
a contradiction. Suppose that α˜ be a non-limit ordinal, i.e., α˜ = β+1. Since Φ˜ is Lindelöf,
it follows from the definition of Fα that Φ˜ ∩Fβ ∩A1 is a Baire set in Φ˜ ∩Fβ . By Claim 1,
we can choose Baire sets A˜1, A˜2 in Φ˜ with A˜1 ∩ Fβ = A1 ∩Fβ , A˜2 ∩ Fβ =A2 ∩Fβ . The
set S = (A˜1 ∩ A2) ∪ (A˜2 ∩ A1) is Lindelöf, S ⊂ Φ˜ and S ∩ Fβ = ∅. For any x ∈ S we
choose a neighborhoodO(x) of x in Φ˜ such that O(x)∩Fβ = ∅. Then α(O(x))6 β < α˜,
and from the definition of α˜ it follows that the set O(x)∩A1 is Baire in O(x). Since S is
Lindelöf, there exists a cozero-set O(S) in Φ˜ such that O(S) ∩A1 is a Baire set in Φ˜ and
O(S)∩Fβ = ∅. Put A∗1 = A˜1 \O(S), A∗2 = A˜2 \O(S). Then A∗i is a Lindelöf Baire set in
Φ˜ , i = 1,2, and A∗i ∩ Fβ = Ai , A∗i ⊃ Ai , i = 1,2. Consequently, the set T = Fβ \ A∗1 is
Baire in Φ˜ and T ∩ Fβ = ∅. We choose a cozero-set O(T ) in Φ˜ such that O(T )∩Fβ = ∅
and A1 ∩O(T ) is Baire in Φ˜ . But then A1 ∩ Φ˜ = A˜1 ∪ (A1 ∩O(T )) ∪ (A1 ∩O(S)) is a
Baire set in Φ˜ , a contradiction. 2
Suppose that, on the contrary, f−1 is not Baire. Then there is a zero-set T0 in X such
that f (T0) is not Baire. It follows from Claims 3 and 4 that there is a closed set F0 in Y
such that for every open non-empty set V in F0 the set V ∩ f (T0) is not Baire in F0. Put
V0 = Y . Using induction, let us define a family Tp|n of zero-sets of X, a family Vp|n of
cozero-sets of Y and a family Fp|n of closed sets of Y , for every p ∈ P, n ∈N, such that
(1) Tp|n+1 ⊂ Tp|n, Fp|n+1 ⊂ Fp|n, V p|n+1 ⊂ Vp|n for every p ∈ P, n ∈N,
(2) Fp|n ⊂ Vp|n, f (Tp|n)⊂ Vp|n for every p ∈ P, n ∈N,
(3) {Vp|n,j ∩ f (T0)}∞j=1 is a discrete in f (T0) family of non-empty open sets in f (T0)
for every p ∈ P, n ∈N,
(4) for every non-empty open in Fp|n set V , V ∩ f (T0) is not Baire in Fp|n, where
p ∈ P, n ∈N,
(5) for every non-empty open in Zp|n = (Fp|n \ f (T0)) ∪ (f (Tp|n) ∩ Fp|n) set V ,
V ∩ f (Tp|n)∩ Fp|n is not Baire in Zp|n, where p ∈ P, n ∈N.
Suppose the families satisfying conditions (1)–(5) have been constructed for every
p ∈ P, k 6 n. From condition (4) it follows that the sets Fp|n ∩ f (T0) and Fp|n \ f (T0)
are dense and not Baire in Fp|n for every p ∈ P. Since, by Claim 3, the set f (T0) has
the Lindelöf property, let us choose a zero-set (because Y \ Φ is a cozero-set of the
Lindelöf space Y ). As f (T0)∩ Fp|n = Fp|n and Φ ∩ Fp|n 6= ∅, the set f (T0) ∩ Fp|n is
not bounded in Y \Φ . Hence there is a sequence {Wm}∞m=1 of cozero-sets in Y such that
Wm ∩ f (T0)∩ Fp|n 6= ∅, Wm ⊂ Vp|n for every m ∈N and {Wm ∩ f (T0)}∞m=1 is discrete in
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f (T0). Put Vp|n,m =Wm for each m ∈N. As Wm is a cozero-set in Y and Wm ∩ Fp|n 6= ∅,
m ∈N, there exists a cozero-setWmk in Y such that
Wmk ⊂Wm,k+1, Wmk ⊂Wm, Wmk ∩ Fp|n 6= ∅ for every k ∈N and
∞⋃
k=1
Wmk ∩ Fp|n =Wm ∩ Fp|n.
From the condition (5) it follows that Wmk ∩ Fp|n ∩ f (Tp|n) 6= ∅ for every k ∈ N. Since
Wmk is a cozero-set in Y , there exist zero-sets Amkl in X, l ∈N, such that
Amkl ⊂Amk,l+1, Wmk =
∞⋃
l=1
f (Amkl) and
f (Amkl)⊂Wmk for every l ∈N.
By (5), the set f (Tp|n) ∩ Fp|n is not Baire in Z = (Fp|n \ f (T0)) ∪ (f (Tp|n) ∩ Fp|n), as
one easily shows.
Put Bm =⋃{Amkl : k, l 6 i} ∩ Tp|n. Then Bm is a zero-set in X and f (Bm) ∩ Fp|n
is not Baire in S = ((Wmi ∩ Fp|n) \ f (T0)) ∪ (f (Bm) ∩ Fp|n). One easily verifies that
the assumptions of Claim 4 are satisfied if we let X = S and A1 = f (Bm) ∩ Fp|n.
Then there exists a closed set F in S such that for every non-empty open set V in F ,
V ∩ f (Bm) ∩ Fp|n is not Baire in V (this implies that the above holds for F ). Let us
put Fp|n,m = F , Tp|n,m = Bm for every m ∈ N. We shall show that the conditions (1)–
(5) for the families {Fp|n}, {Tp|n+1}, {Vp|n+1} are satisfied. Conditions (1)–(3) follow
from the inclusions F ⊂ Fp|n and F ⊂ S ⊂Wmi ∪ f (Bm) ⊂Wmi ∪Wmi ⊂Wm = Vp|n.
Since F ⊂ Zp|n,m ⊂ F , f (Bm)⊂ f (T0) and since f (Bm) ∩ F is dense in F , we see that
conditions (4), (5) are satisfied. Thus, the families {Tp|n}, {Fp|n}, {Vp|n} satisfying the
conditions (1)–(5) have been constructed.
The sets Tp|n for every p ∈ P, n ∈N are closed and non-empty in the compact space X
and Tp|n+1 ⊂ Tp|n, therefore Tp =⋂∞n=1 Tp|n 6= ∅. By virtue of the condition (2), the set
Vp =
∞⋂
n=1
(
Vp|n ∩ f (T0)
)⊃ f (Tp)
is non-empty for every p ∈ P. By virtue of the condition (3),
M =
⋃
p∈P
Vp =
∞⋂
n=1
⋃
p∈P
(
Vp|n ∩ f (T0)
)= ∞⋂
n=1
[⋃(
Vp|n ∩ f (T0)
)]
f (T0)
.
Hence M is a closed Gδ-set in f (T0). Since the set f (T0) is Lindelöf, it follows that M
is a zero-set in f (T0). Put ϕ = f |T0 :T0→ f (T0). Using the Lindelöf property of f (T0)
again, we conclude that ϕ is a Zσ -map. Then ϕ∗ :B1(f (T0))→ B1(T0) is an embedding.
Define a map Ψ :M→ P by letting Ψ (x)= p if x ∈Mp . From the condition (3) it follows
that Ψ is continuous. Hence, B1(P ) are embeddable into B1(M). Since M is a zero-set in
f (T0), we have that B1(M) are embeddable into B1(T0), which is a contradiction [5].
We shall now prove that f−1 is Zσ -map. Let A be a zero-set in X. Since f−1 is a
Baire map, f (A) is a Baire set in Y . Then there exist a metric space L, a continuous map
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g :Y → L and a Baire set A˜⊂ L such that f (A)= g−1(A˜). Let us note that gf :X→ L
is a Zσ -map. By virtue of [6], there exists a sequence {Xi}∞i=1 of closed sets in X with⋃∞
i=1Xi =X such that gf |Xi is continuous for every n ∈N. Consequently, A˜= gf (A) is
a Zσ -set in L, and thus f (A)= g−1(A˜) is a Zσ -set in Y . The proof is finished. 2
Theorem 2. For α > 2 there exists an absolute Baire space of class α which cannot be
condensed onto any absolute Baire space of class β < α.
Proof (construcion). Let X ⊂ R, X(2)= C0 ∪ C1 ⊂ R2, where C0 = {(x,0): 0 < x 6 1}
and C1 = {(x,1): 06 x < 1}, and define the topology on X by the base consisting of sets
of the form
Oε(x0,0)=
{
(x, i) ∈X(2): x0 − ε < x < x0, x ∈X, i = 0,1
}∪ {x0,0},
where ε > 0, and of sets of the form
Oε(x0,1)=
{
(x, i) ∈X(2): x0 < x < x0 + ε, x ∈X, i = 0,1
}∪ {x0,1},
where ε > 0 is arbitrary.
The mapping pi :X(2)→ X, where pi(x, i)= x , i = 0,1, is perfect. Let S ⊂ X. Then
denote by XS the quotient space with respect to the decomposition {pi−1(x), x ∈ X \ S;
(x, i), x ∈ S, i = 0,1}, and by piS the quotient mapping X(2)→ XS . Let S1 ⊂ S2 ⊂ X.
Next denote by piS2S1 :XS2 → XS1 the mapping pi
S2
S1
(z) = piS2(pi−1S1 (z)). The mappings piS
and piS2S1 are perfect. The spectrum{
XS,pi
S2
S1
, S2 ⊃ S1, S ⊂X, |S|6 ℵ0
}
is sigma-spectrum and lim{XS,piS2S1 , |S|6 ℵ0} = X(2). In what follows, X is an absolute
Borel set of the additive class α which is not of the multiplicative class α (α > 2).
Lemma. Let f be a condensation of M ⊂R onto a Tychonoff space X such that for every
x ∈M there is ε > 0 with
f ([x, x + ε)∩M)∩ f ((x − ε, x] ∩M)∩ f ((x − ε, x + ε)∩M)= f (x). (∗)
Then there exist a countable set S ⊂M and a disjoint family {Fn}∞n=1 of closed sets in
M \ S sets such that (a) M \ S =⋃∞n=1 Fn, (b) f |Fn is embedding for every n ∈N.
Proof. Put
Mε =
{
x ∈M: f ([x, x + ε)∩M)∩ f ((x − ε, x] ∩M)
∩ f ((x − ε, x + ε)∩M)= f (x)}.
We establish some properties of these sets.
Claim 1. Mε2 ⊂Mε1 if ε1 < ε2.
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Let x ∈Mε2 \Mε2 . There exists x1 ∈Mε2 such that |x−x1|< ε2− ε1. Let, for example,
x1 < x . Then [x1, x1+ε2)⊃ [x, x+ε1) and (x1−ε2, x1]∪ [x1, x] ⊃ (x−ε1, x]. It follows
that
f ([x, x + ε1)∩M)⊂ f ([x1, x1 + ε2)∩M),
f ((x − ε1, x] ∩M)⊂ f ((x1 − ε2, x1] ∩M)∪ f ([x1, x] ∩M).
Hence (as x1 ∈ Mε2), f ([x, x + ε1)∩M) ∩ f ((x − ε1, x] ∩M) ∩ f ((x − ε1, x + ε1) ∩
M)⊂ f ([x1, x] ∩M)∩f ((x− ε1, x+ ε1)∩M). Since x1 is arbitrary and f is continuous,
it follows that x ∈Mε1 .
Claim 2. Let A⊂Mε be a set which is dense in itself from the right and the left set. Then
f |A is the locally homeomorphism.
Let us take a ∈ A. We show that f |((a − ε/2, a + ε/2) ∩A) is an embedding. The set
(a − ε/2, a + ε/2) ∩ A is dense in itself from the right and the left. Hence the family
B = {(a1, a2)∩ (a − ε/2, a+ ε/2)∩A: a1 < a2, ai ∈A∩ (a − ε/2, a+ ε/2), i = 1,2} is
a base for the topology of (a − ε/2, a + ε/2) ∩A. It is sufficient to show that the images
of all members of B are open in f ((a − ε/2, a + ε/2)∩A). Since
f ([ai, ai + ε)∩A)∩ f ((ai − ε, ai] ∩A)∩ f ((ai − ε, ai + ε)∩A)= f (ai) and
(ai − ε, ai + ε)⊃ (a − ε/2, a + ε/2), i = 1,2,
it follows that
f ((a − ε/2, a1] ∩A)∩ f ((a1, a2)∩A)∩ f ((a − ε/2, a + ε/2)∩A)= ∅
and
f ([a2, a + ε/2)∩A)∩ f ((a1, a2)∩A)∩ f ((a − ε/2, a + ε/2)∩A)= ∅.
Thus f ((a1, a2)∩A) is open in f ((a − ε/2, a + ε/2)∩A).
By Claim 1, M1/n ⊂M1/(n+1) for every n ∈ N and by the assumption of the lemma
M =⋃∞n=1M1/n. Let S+n (respectively S−n ) be the set of points of local countability of
M1/n from the right (respectively from the left). Then S˜ =⋃∞n=1 S+n ∪⋃∞n=1 S−n ∪ L is
countable, where L is a countable dense set in M . The set Tn =M1/n \ S˜ is dense in itself
from the right and the left for every n ∈N. Since M˜ =M \ S˜ is zero-dimensional, it follows
that the cover {T }M˜n }∞n=1 has a disjoint closed refinement {Φm}∞m=1 in M˜ . Let
S = S˜ ∪
∞⋃
m=1
L+m ∪
∞⋃
m=1
L−m,
where L+m (respectively L−m) is the set of points of local countability of Φm from the right
(respectively from the left). Put Fm =Φm \S, m ∈N. ThenM \S =⋃∞m=1 Fm, where S is
countable, the sets Fm are dense in themselves from the right and the left, m ∈ N. Hence,
by Claim 2, f |Fm is embedding for every m ∈N. This proves the lemma. 2
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Now assume the contrary of Theorem 2. Let f :X(2)→ Y be a condensation X onto
some absolute Baire space Y . According to [6], f is a Baire isomorphism. The space
Y = limS2, where S2 = {Yα,µαβ,U} is sigma-spectrum and all µαβ is perfect. By [7], there
exist a countable set S ⊂X, α0 ∈ U and a Baire isomorphism g :XS→ Yα0 such that the
following diagram is commutative:
X(2)
piS
f
Y
µα0
XS
g
Yα0
Since piS is perfect, it follows that g is condensation. The space Yα0 is a separable metric
absolute Baire space of the same class as Y . We denote by Z = XS \ {(x, i): x ∈ S},
pi = piS |Z(2), H = g(Z), H˜ = µ−1α0 (H), µ = µα0 |H˜ , g1 = g|Z, f1 = f |Z(2). Then
the mappings pi , µ are perfect and f1, g1 are condensations. The following diagram is
commutative:
Z(2)
pi
f1
H˜
µ
Z
g1
H
Claim 1. If A,B ⊂ H˜ and A∩B = ∅ then g−11 (µ(A) ∩µ(B)) is discrete in Z.
Proof. Assume the contrary. Let h ∈ µ(A) ∩ µ(B). Since µ is perfect, it follows that
µ−1(h) ∩ A 6= ∅ and µ−1(h) ∩ B 6= ∅. But A ∩ B = ∅ and |µ−1(h)| = 2, consequently,
f1((g
−1
1 (h), i)) ∈A, f1((g−11 (h), j)) ∈ B , i, j ∈ {0,1}, i 6= j . Put
T0 =
{
h: f1
((
g−11 (h),0
)) ∈A,f1((g−11 (h),1)) ∈B} and
T1 =
{
h: f1
((
g−11 (h),1
)) ∈A,f1((g−11 (h),0)) ∈B}.
Then µ(A) ∩ µ(B) = T0 ∪ T1. There exists i ∈ {0,1} such that g−11 (Ti) is not discrete in
Z. Let, for example, i = 0. Consequently, there exists a limit point z ∈ Z for g−11 (T0);
say, z is a limit point for g−11 (T0) from the right. Then f1((z,1)) ∈ f1(g−11 (T0)× i),
i = 0,1, and by definition of T0 we have f1(g−11 (T0)× 0)⊂A and f1(g−11 (T0)× 1)⊂ B .
Consequently, A∩B 6= ∅. This is a contradiction. The Claim 1 is proved. 2
We shall prove that the mapping g1 have the condition (∗) of lemma. Let z ∈
Z. Choose ε1 > 0 such that f1Oε1(z,0) ∩ f1Oε1(z, 1) = ∅. Then by Claim 1, C =
g−11 µ(f1Oε1(z, 0)) ∩ g−11 µ(f1Oε1(z,1)) is discrete in Z. Choose ε2 > 0 such that
Oε2(z)∩C = z. Let ε =min{ε1, ε2}. Then
g1Oε(z)∩µ(f1Oε(z,0))∩µ(f1Oε(z,0))= g1(z),
consequently,
g1
(
(z− ε, z+ ε)∩Z)∩ g1([z, z+ ε)∩Z)∩ g1((z− ε, z] ∩Z)= g1(z).
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Claim 2. Let X be a separable metric space and let {Fn}∞n=1 be a disjoint closed cover of
X. If all sets Fn is absolute Borel of the multiplicative class α then X is the space of the
same class.
Proof. Let Y be the completion of the space X and let Z = Y \⋃{FYn ∩ FYm: n,m ∈
N, n 6= m}. Then Z is Gδ-set in Y and, consequently, Z is completely metrizable. The
family {Hn = FnZ}∞n=1 is disjoint. By our assumption, Fn =
⋂∞
k=1Mnk , where Mnk ⊂Hn
is absolute Baire of additive class < α for every n, k ∈ N. Since {Hn}∞n=1 is disjoint,
X=⋂∞k=1⋃∞n=1Mnk . 2
The mapping g1 :Z → H satisfies condition (∗) of the lemma. Hence, there exist a
countable set S˜ ⊂ Z and a disjoint cover {Fn}∞n=1 by closed in Z \ S˜ sets. Then g1|Fn
is an embedding for every n ∈ N. The spaces X,Z,Z \ S˜ the same Borel class, i.e., the
additive class α but not of multiplicative class α. By Claim 2 there exists Fn0 which is
not of the multiplicative class α. We show that H \ g1(S˜) does not have any Borel class
β < α. Assume the contrary. Then H \ g1(S˜) is a set of the multiplicative class α and
by Lavrentieff’s theorem, the sets g1(Fn) are of additive class α in H \ g1(S˜). Then
g1(Fn0 ) = H \ g1(S˜) \
⋃
n6=n0 g1(Fn) is the set of the multiplicative class α, which is
contradition. Let Y is a Baire set of the class γ . Then the spaces Yα0 and H have Borel
class α and γ > α. This completes the proof of Theorem 2. 2
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